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Abstract
Using Gardiner and Collet’s input-output model and the concept of
cascade system, we determine the filtering equation for a quantum system
driven by chosen non-classical states of light. The quantum system and
electromagnetic field are described by making use of quantum stochastic
unitary evolution. We consider two examples of the non-classical states of
the field: a combination of vacuum and single photon states and a mixture
of two coherent states. We describe the stochastic evolution conditioned
on the results of the photon counting and quadrature measurements.
Abstract
Using Gardiner and Collet’s input-output model and the concept of
cascade system, we determine the filtering equation for a quantum system
driven by chosen non-classical states of light. The quantum system and
electromagnetic field are described by making use of quantum stochastic
unitary evolution. We consider two examples of the non-classical states of
the field: a combination of vacuum and single photon states and a mixture
of two coherent states. We describe the stochastic evolution conditioned
on the results of the photon counting and quadrature measurements.
1 Introduction
Non-classical states of light such as continuous-mode Fock states [1], their
mixtures and superpositions arouse an interest because of their poten-
tial application in quantum metrology [2, 3] and quantum communication
[4, 5]. The theoretical description of the optimal excitation of quantum
systems by wave packets travelling in space became one of the essential
aspects of the subject [6, 7, 8, 9, 10]. To examine an excitation or a process
of a storing of information in a single ion, atom or quantum dot master
equations are usually considered. However, a detailed investigation of the
phenomena of the excitation of quantum systems by wave packets trav-
elling in space requires consideration of individual quantum trajectories
conditional on the results of measurement of the light emitted or scattered
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by the system of interest. Derivation of master equations for a quantum
system interacting with a wave packet of light prepared in a continuous-
mode single photon state one can find, for instance, in [11, 12], and for a
wave packet taken in a continuous-mode Fock states in [13].
The main theme of this paper is determination of stochastic differential
equations for quantum system interacting with chosen non-classical states
of light. Let us make clear that we appeal to the theory of quantum state
estimation [14, 15, 16, 17, 18] based on the idea of the non-demolition
observation [19] developed in the framework of the Itô quantum stochas-
tic calculus [20, 21]. So we consider an open quantum system interacting
with an environment modelled by the Bose field. The Bose field, being
an approximation of the electromagnetic field, disturbs the free evolution
of the quantum system but it also allows for a continuous in time indi-
rect observation of the system. An observation of the output field [22]
(the Bose field after interaction with the system) provides us with the
information about the system. The stochastic equation describing the
time evolution of the quantum system conditioned on the results of the
continuous in time measurement performed on the output field is called
quantum filtering equation. Solutions to this equation are called quantum
trajectories [14]. If the Bose field is prepared in the Gaussian state the
evolution of the open system is Markovian and taking an average over all
possible outcomes we get then from the stochastic equation the Gorini—
Kossakowski-–Sudarshan-–Lindblad master equation. Derivation of the
filtering equation for the Bose field in the vacuum state one can find, for
instance, in [14, 23, 24, 25]. Determination of the conditional dynamics
of the system interacting with the Bose field prepared in the squeezed
Gaussian state was given in [18], and for multi-channels case in [26].
The evolution of open quantum system driven by non-classical state of
light becomes non-Markovian and the standard methods of determination
of the filtering equation do not work. Our article is motivated mainly by
the papers [12, 27] and it can be considered as a companion to them or as
their successor. The mentioned papers treated the problem of determina-
tion of the filtering equations for a continuous-mode single photon state
and continuous-mode cat states. We derive the filtering equation for the
two cases: for the case when the Bose field is prepared in a combination of
the vacuum and single photon states and for the case when the Bose field
is in a mixture of two coherent cases. In order to obtain the conditional
evolution of the open system, we use the idea of introducing an ancilla
being a source of the desired non-classical signal. We assume that the
ancilla is driven by the vacuum and the output from ancilla is the input
for the system. We write down the filtering equations for the extended
system consisting of the ancilla and the system of our interest and to get
the conditional evolution of the system we simply take the partial trace of
all elements of this equation with respect to ancilla. In this way we derive
the stochastic equations for the conditional density matrix of the open
system. We would like to stress that this equations were not determined
in [12, 27]. We give also the formulae for the probabilities of trajectories
for the counting process not stated in [12, 27].
2
2 Filtering equation for system driven by
the field in a combination of vacuum and
single photon states
Let us introduce one-dimensional Bose field described by
Bt =
∫ t
0
bsds, B
†
t =
∫ t
0
b†sds, Λt =
∫ t
0
b†sbsds, (1)
where the operators bt, b†t satisfy the canonical commutation relations of
the form
[bt, bs] = 0, [bt, b
†
s] = δ(t− s). (2)
The Hilbert space of the Bose field h is the symmetric Fock space over
C ⊗ L2(R+). The space h has a continuous tensor product structure, it
means that it can be split it into the “past and future spaces” h = h[0,t) ⊗
h[t,+∞), where h[0,t), h[t,+∞) are the symmetric Fock spaces respectively
over C⊗ L2([0, t)) and C⊗ L2([t,+∞)) [16, 20, 21].
The vacuum state in h has a factorization property
|vac〉 = |vac[0,t)〉 ⊗ |vac[t,+∞)〉. (3)
The mean values of the increments
dBt = Bt+dt −Bt, dB†t = B†t+dt −B†t , dΛt = Λt+dt − Λt (4)
and their products for the vacuum state are
〈vac|dBt|vac〉 = 0, 〈vac|dΛt|vac〉 = 0, (5)
〈vac|dBtdB†t |vac〉 = dt, 〈vac|dB†t dBt|vac〉 = 0, 〈vac|dΛtdB†t |vac〉 = 0.
We assume that the Bose field interacts with a quantum system (we
will call it briefly S) and the evolution of the composed system is given by
the unitary operator, Ut, satisfying the Itô quantum stochastic differential
equation (QSDE) of the form [16, 20, 21]
dUt =
[
LdB†t − L†SdBt + (S − I) dΛt −
(
iHS +
1
2
L†L
)
dt
]
Ut,
Ut=0 = I, (6)
where L, S, HS are the operators acting in hS - the Hilbert space of the
system S, HS stands for the Hamiltonian of S, and S is the unitary opera-
tor describing a process of a direct scattering of light by the system S [16].
Let us remind that the above equation is written in the interaction picture
with respect to free dynamics of the Bose field. The unitary operator Ut
acts non-trivially only in hS ⊗ h[0,t) and it commutes with the increments
dBt, dB†, dΛt acting non-trivially only in hS ⊗ h[t,t+dt) [16]. According
to the interpretation given by Gardiner and Collet, the operators Bt, B†t ,
and Λt describe the input Bose field – the field before interaction with
S. And the output field – the field after interaction with S – is given by
Boutt = U
†
tBtUt, B
out†
t = U
†
tB
†
tUt, Λ
out†
t = U
†
t Λ
†
tUt [17, 22].
3
2.1 Continuous-mode single photon state
The continuous-mode single photon state is defined as [28, 29]
|1ξ〉 =
∫ +∞
0
ξ(t)dB†t |vac〉 (7)
with ξ ∈ C and the normalization 〈1ξ|1ξ〉 =
∫∞
0
|ξ(t)|2dt = 1. In the
frequency domain it has the form
|1ξ〉 =
∫ +∞
−∞
dωξ˜(ω)b†(ω)|vac〉, (8)
where ξ˜ is the Fourier transform of ξ.
The mean values of the increments dBt, dB†t , dΛt and their products
for the Bose field in the single photon state are
〈1ξ|dBt|1ξ〉 = 0, 〈1ξ|dΛt|1ξ〉 = |ξ(t)|2dt,
〈1ξ|dBtdB†t |1ξ〉 = dt, 〈1ξ|dB†t dBt|1ξ〉 = 0, 〈1ξ|dΛtdB†t |1ξ〉 = 0. (9)
Let us notice that for the single photon state we have the additive
decomposition property
|1ξ〉 = |1ξ[0,t)〉 ⊗ |vac[t,+∞)〉+ |vac[0,t)〉 ⊗ |1ξ[t,+∞)〉, (10)
where
|1ξ[0,t)〉 ⊗ |vac[t,+∞)〉 =
∫ t
0
ξ(s)dB†s |vac〉 (11)
and
|vac[0,t)〉 ⊗ |1ξ[t,+∞)〉 =
∫ +∞
t
ξ(s)dB†s |vac〉. (12)
By taking trace over the space h[t,+∞), we get
Trh[t,+∞) |1ξ〉〈1ξ| = |1ξ[0,t)〉〈1ξ[0,t)|
+|vac[0,t)〉〈vac[0,t)|
∫ +∞
t
|ξ(s)|2ds, (13)
where
∫ +∞
t
|ξ(s)|2ds is the probability that we do not measure the photon
in the interval [0, t). Moreover, for any bounded operator of the Bose field
having the form Rt = R[0,t)⊗ I[t,+∞) (a bounded operator acting trivially
on h[t,+∞)) we obtain
〈1ξ|Rt|1ξ〉 = 〈1ξ[0,t)|R[0,t)|1ξ[0,t)〉
+〈vac[0,t)|R[0,t)|vac[0,t)〉
∫ +∞
t
|ξ(s)|2ds. (14)
2.2 The reduced dynamics of S
Any bounded operator X of the system S in the Heisenberg picture,
jt(X) = U
†
t (X ⊗ I)Ut , (15)
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is an adapted process, which means that it acts as the identity in the
space h[t,+∞). To derive the differential equation for jt(X), we apply the
rules of the quantum stochastic calculus of Itô type (QSC) taking
djt(X) = dU
†
t (X ⊗ I)Ut + U†t (X ⊗ I)dUt + dU†t (X ⊗ I)dUt (16)
and using the table
dBtdB
†
t = dt, dBtdΛt = dBt,
dΛtdΛt = dΛt, dΛtdB
†
t = dB
†
t (17)
with all the others products, including the products involving dt, van-
ishing. In this way we obtain the stochastic differential equation of the
form
djt(X) = jt (L∗X) dt+ jt
(
S†[X,L]
)
dB†t
+jt
(
[L†, X]S
)
dBt + jt(S
†XS −X)dΛt (18)
with the superoperator
L∗X = i[H,X] + L†XL− 1
2
L†LX − 1
2
XL†L . (19)
We assume that the compound system is prepared initially in the prod-
uct state
ρ(0)⊗ ρfield(0) . (20)
Thus the reduced density operator of S at the time t is given by the
formula
ρ(t) = Trh
(
Utρ(0)⊗ ρfield(0)U†t
)
. (21)
One can check, using the property
TrhS (Xρ(t)) = TrhS⊗h (jt(X)ρ(0)⊗ ρfield(0)) , (22)
that for the initial state of the Bose field of the form
ρfield(0) = γ00|vac〉〈vac|+ γ01|1ξ〉〈vac|+ γ10|vac〉〈1ξ|+ γ11|1ξ〉〈1ξ|, (23)
the reduced dynamics of S is given as
ρ(t) = γ00ρ
00(t) + γ01ρ
10(t) + γ10ρ
01(t) + γ11ρ
11(t) , (24)
where the matrices ρ00(t), ρ10(t), ρ01(t), ρ11(t) satisfy the set of differential
equations [13]
ρ˙00(t) = Lρ00(t),
ρ˙10(t) = Lρ10(t) + [Sρ00(t), L†]ξ(t),
ρ˙01(t) = Lρ01(t) + [L, ρ00(t)S†]ξ∗(t),
ρ˙11(t) = Lρ11(t) + [Sρ01(t), L†]ξ(t) + [L, ρ10(t)S†]ξ∗(t)
+
(
Sρ00(t)S† − ρ00(t)
)
|ξ(t)|2, (25)
where
Lρ = −i[H, ρ] + LρL† − 1
2
L†Lρ− 1
2
ρL†L . (26)
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and initially ρ00(0) = ρ11(0) = ρ(0), ρ10(0) = ρ01(0) = 0. Note that the
matrices ρ10(t) and ρ01(t) are non-Hermitian trace-class zero operators
and ρ01(t) =
(
ρ10(t)
)†. Of course, the choice of the coefficients in the
state (23) is constrained by the conditions that ρfield ≥ 0, ρfield = ρ†field,
and Tr{ρfield} = 1.
2.3 The output processes
Making use of QSC one can check the number operator of photons in the
interval t to t+ dt for the output field has the form
dΛoutt = dΛt + jt(L
†S)dBt + jt(S
†L)dB†t + jt(L
†L)dt . (27)
The mean value of dΛoutt for the Bose field prepared in (23) is
〈dΛoutt 〉 = γ11|ξ(t)|2dt+ TrhS
[
L†S
(
γ11ρ
01(t) + γ01ρ
00(t)
)]
ξ(t)dt
+TrhS
[
S†L
(
γ11ρ
10(t) + γ10ρ
00(t)
)]
ξ∗(t)dt
+TrhS
(
L†Lρ(t)
)
dt. (28)
Using homodyne detection scheme we can measure the quadrature
operator of the output field in the infinitesimal time increment from t to
t+ dt,
dY (t) = dBoutt + dB
out†
t . (29)
One can check that
dBoutt = jt(S)dBt + jt(L)dt. (30)
So for the Bose field taken in (23) we have
〈dY (t)〉 = TrhS [S(γ11ρ01(t) + γ01ρ00(t))]ξ(t)dt
+TrhS [S
†(γ11ρ
10(t) + γ10ρ
00(t))]ξ∗(t)dt
+TrhS [(L+ L
†)ρ(t)]dt. (31)
2.4 The generator of the Bose field in a combina-
tion of vacuum and single photon states
As a generator of the Bose field in a combination of vacuum and single
photon states, we consider a two level system which interacts with the
Bose field in the vacuum state. We would like to stress that this system
plays only a role of ancilla producing a signal in non-classical state. We
assume that the evolution of the compound system (ancilla plus the Bose
field) is given by the unitary operator, U˜t, which satisfies QSDE
dU˜t =
(
LAdB
†
t − L†AdBt −
1
2
L†ALAdt
)
U˜t, U˜t=0 = I (32)
with the coupling operator
LA = λ(t)σ− , (33)
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where λ(t) ∈ C and σ− is the lowering operator from the excited |1〉 to
the ground state |0〉 of ancilla. We set the Hamiltonian of ancilla HA = 0.
The same generator was described in [27]. The Schrödinger equation for
the state |Ψ(t)〉 = U˜t|ψ0〉 ⊗ |vac〉 of the compound system then reads
d|Ψ(t)〉 =
(
λ(t)σ−dB
†
t −
1
2
|λ(t)|2 σ+σ−dt
)
|Ψ(t)〉 . (34)
Let us notice that if the coupling coefficient
λ(t) =
ξ(t)√∫ +∞
t
|ξ(s)|2ds
(35)
and if the initial state of the compound system is given as
|Ψ(0)〉 = (c0|0〉+ c1|1〉)⊗ |vac〉 (36)
then
|Ψ(t)〉 = c0|0〉 ⊗ |vac〉+ c1|1〉 ⊗
√∫ +∞
t
|ξ(s)|2ds|vac〉
+c1|0〉 ⊗
∫ t
0
ξ(s)dB†s |vac〉 (37)
is the exact solution of Eq. (34), and
lim
t→+∞
|Ψ(t)〉 = |0〉 ⊗ (c0|vac〉+ c1|1ξ〉) . (38)
Thus, the Bose field after interaction with ancilla till time t (the output
field from ancilla) is in the state
ρoutfield(t) = |c0|2 |vac[0,t)〉〈vac[0,t)|+ c0c∗1|vac[0,t)〉〈1ξ[0,t)|
+c∗0c1|1ξ[0,t)〉〈vac[0,t)|+ |c1|2 |1ξ[0,t)〉〈1ξ[0,t)|
+ |c1|2
∫ +∞
t
|ξ(s)|2ds|vac[0,t)〉〈vac[0,t)| . (39)
In particular, when the ancilla is prepared in the ground state, we simply
get
ρoutfield(t) = |vac[0,t)〉〈vac[0,t)| (40)
and when ancilla is initially in the excited state, we have
ρoutfield(t) = |1ξ[0,t)〉〈1ξ[0,t)|+
∫ +∞
t
|ξ(s)|2ds|vac[0,t)〉〈vac[0,t)|, (41)
and
ρoutfield(t→ +∞) = |1ξ〉〈1ξ| . (42)
Let us consider now the situation when the ancilla is initially in the
state
ρA(0) = γ00|0〉〈0|+ γ01|1〉〈0|+ γ10|0〉〈1|+ γ11|1〉〈1| . (43)
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One can check that in this case the state of the Bose field after interaction
with the ancilla till the time t has the form
ρoutfield(t) = γ00|vac[0,t)〉〈vac[0,t)|+ γ01|1ξ[0,t)〉〈vac[0,t)|
+γ10|vac[0,t)〉〈1ξ[0,t)|+ γ11|1ξ[0,t)〉〈1ξ[0,t)|
+γ11
∫ +∞
t
|ξ(s)|2ds|vac[0,t)〉〈vac[0,t)| (44)
and in the limit of long times, we get
ρoutfield(t→ +∞) = γ00|vac〉〈vac|+ γ01|1ξ〉〈vac|+ γ10|vac〉〈1ξ|+ γ11|1ξ〉〈1ξ| . (45)
Let us note that the expression (35) we derived under the assumption
that the denominator is different from zero. We assume that λ(t) = 0
whenever ξ(t) = 0, hence we have also lim
t→+∞
λ(t) = 0
2.5 Master equation for the extended system
We consider a cascaded system consisting of the system S and the ancilla
producing the field in the desired non-classical state. The ancilla system
is driven by the Bose field in the vacuum state and the output from the
ancilla becomes the input field for S. In cascaded quantum systems the
output of the first system is supplied into the second system, but the
reverse process is forbidden. When we omit a time shift due to a traveling
between the ancilla and S, we get the master equation for the extended
system of the form [17]
˙˜ρ(t) = Lρ˜(t) + LAρ˜(t) +
[
SLAρ˜(t), L
†
]
+
[
L, ρ˜(t)L†AS
†
]
+
(
SLAρ˜(t)L
†
AS
† − LAρ˜(t)L†A
)
, (46)
where
LAρ˜ = LAρ˜L†A −
1
2
L†ALAρ˜−
1
2
ρ˜L†ALA . (47)
We make the assumption that the extended system is initially prepared
in the product state
ρ˜(t = 0) = ρ(0)⊗ ρA(0) ,
where ρA(0) is the initial state of ancilla given by (43).
Now by taking the partial trace of both sides of (46) over the Hilbert
space of ancilla, we obtain the equation
ρ˙S(t) = LρS(t) +
[
S TrhA (LAρ˜(t)) , L
†
]
+
[
L,TrhA
(
ρ˜(t)L†A
)
S†
]
+
(
S TrhA
(
LAρ˜(t)L
†
A
)
S† − TrhA
(
LAρ˜(t)L
†
A
))
(48)
for ρS(t) = TrhA ρ˜(t), which describes the reduced dynamics of S.
To determine the solution to the above equation, we need to find the
operators TrhA (LAρ˜(t)), TrhA
(
ρ˜(t)L†A
)
, and TrhA
(
LAρ˜(t)L
†
A
)
. For this
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purpose we derive the differential equations for the operators defined as
ρ−S (t) =
1
ξ(t)
TrhA (LAρ˜(t))
=
1√∫ +∞
t
|ξ(s)|2ds
TrhA (σ−ρ˜(t)) , (49)
ρ+S (t) =
1
ξ(t)
TrhA
(
L†Aρ˜(t)
)
=
1√∫ +∞
t
|ξ(s)|2ds
TrhA (σ+ρ˜(t)) , (50)
ρ∓S (t) =
1
|ξ(t)|2 TrhA
(
LAρ˜(t)L
†
A
)
=
1∫ +∞
t
|ξ(s)|2dsTrhA (σ−ρ˜(t)σ+) . (51)
If ξ(t) = 0, we put simply ρ−S (t) = ρ
+
S (t) = ρ
∓
S (t) = 0. It is not difficult
to check that they satisfy the following set of differential equations
ρ˙−S (t) = Lρ−S (t) +
[
L, ρ∓S (t)S
†
]
ξ∗(t) , (52)
ρ˙+S (t) = Lρ+S (t) +
[
Sρ∓S (t), L
†
]
ξ(t) , (53)
ρ˙∓S (t) = Lρ∓S (t) (54)
with the initial conditions ρ−S (0) = γ01ρ(0), ρ
+
S (0) = γ10ρ(0), and ρ
∓
S (0) =
γ11ρ(0). We see that (ρ−S (t))
† = ρ+S (t). Note that for all t ≥ 0 we have
TrhsρS(t) = 1, Trhsρ
−
S (t) = γ01, Trhsρ
+
S (t) = γ10, and Trhsρ
∓
S (t) = γ11.
Thus to specify the reduced state of S, one has to solve the set of four
coupled differential equations for ρS(t), ρ−S (t), ρ
+
S (t), and ρ
∓
S (t).
The reduced dynamics given by (48) is equivalent to the reduced dy-
namics described in Part 2.2. To show this one has to write the differ-
ential equation for ρ(t) by adding Eqs. (25) with the coefficients: γ00,
γ01, γ10, and γ11. Then one can see that: ρ−S (t) = γ11ρ
01(t) + γ01ρ
00(t),
ρ+S (t) = γ11ρ
10(t) + γ10ρ
00(t), ρ∓S (t) = γ11ρ
00(t), and ρ(t) = ρS(t), which
ends the proof.
In our model of cascaded systems, the mean values of photons leaving
the system S in the interval t to t+ dt has the form
〈dΛoutt 〉 = TrhS
(
L†LρS(t)
)
dt+ TrhS
(
L†Sρ−S (t)
)
ξ(t)dt
+TrhS
(
S†Lρ+S (t)
)
ξ∗(t)dt+ γ11|ξ(t)|2dt (55)
and for the mean value of the optical quadrature in the interval t to t+dt
we get the formula
〈dY (t)〉 = TrhS
(
Sρ−S (t)
)
ξ(t)dt+ TrhS
(
S†ρ+S (t)
)
ξ∗(t)dt
+TrhS
(
(L† + L)ρS(t)
)
dt (56)
Note that both expressions are in agreement with the result derived in
Part 2.3.
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2.6 The quantum trajectories for the photon count-
ing
Quantum filtering equation for a system coupled to the Bose field in the
vacuum is well known and we can easily write it down for the extended
system consisting of the ancilla and S. The stochastic master equation
for the extended system and the direct observation of photons leaving the
system S has the form
dρˆ(t) = Lρˆ(t)dt+ LAρˆ(t)dt+ [SLAρˆ(t), L†]dt+ [L, ρˆ(t)L†AS†]dt
+
(
SLAρˆ(t)L
†
AS
† − LAρˆ(t)L†A
)
dt
+
{
(L+ SLA)ρˆ(t)(L+ SLA)
†
kt
− ρˆ(t)
}
dN(t), (57)
where
dN(t) = dΛoutt − ktdt, (58)
and
kt = TrhS⊗hA [(L+ SLA)
†(L+ SLA)ρˆ(t)]. (59)
The matrix ρˆ(t) is the a posteriori state of the extended system at
t conditioned by the results of all measurements performed till the time
t. Here dΛoutt is the output process for the cascaded system with the
posterior mean value equal to ktdt. In other words, the quantity ktdt is
the mean value of counts in the interval t to t + dt conditional upon the
trajectory (the history of all counts) up to time t. Note that (dN(t))2 =
dN(t) and the mean 〈dN(t)〉 = 0, which follows from the properties of
dΛoutt .
Using the characteristic functional method [16], we can find now the
whole statistics of the output counting process. Let us recall that we
deal here with the regular counting process which means that at most one
photon can be observed at a period of the length dt. The probability of
having no counts in the time-interval (0, t] is given by the expression
P t0(0) = TrhS⊗hA [Υ(t, 0)ρ(0)⊗ ρA(0)] , (60)
where Υ(t, s), t ≥ s, is defined by
d
dt
Υ(t, s) = L˜tΥ(t, s) (61)
with the condition Υ(s, s) = 1, and
L˜tρ = −iHeffρ+ iρH†eff , (62)
where Heff is the effective Hamiltonian having the form
Heff = HS − i
2
(L†L+ L†ALA + 2LAL
†S) . (63)
One can check that P t=00 (0) = 1. Of course, the quantity 1 − P t0(0) is
the probability of at least one count in the interval (0, t]. The multi-
time probability density of a count at time t1, a count at time t2, ...,
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(0 < t1 < t2 < . . . tn < t) and no other counts in the interval from 0 to t
is given by
pt0(t1; t2, . . . , tn) = TrhS⊗hA [Υ(t, tn)J (tn)Υ(tn, tn−1) . . .
. . .Υ(t2, t1)J (t1)Υ(t1, 0)ρ(0)⊗ ρA(0)] , (64)
where
J (ti)ρ = (L+ SLA(ti)) ρ (L+ SLA(ti))† . (65)
Our notation in the above expression indicates the fact that the operator
LA depends on time.
Now taking the partial trace of Eq. (57) over the Hilbert space of
ancilla, we obtain the filtering equation for the system S:
dρˆS(t) = LρˆS(t)dt+ [Sρˆ−S (t), L†]ξ(t)dt+ [L, ρˆ+S (t)S†]ξ∗(t)dt
+
(
Sρˆ∓S (t)S
† − ρˆ∓S (t)
)
|ξ(t)|2dt
+
{
1
kt
[
LρˆS(t)L
† + Sρˆ−S (t)L
†ξ(t)
+Lρˆ+S (t)S
†ξ∗(t) + Sρˆ∓S (t)S
†|ξ(t)|2
]
− ρˆS(t)
}
dN(t),(66)
where the operators
ρˆ−S (t) =
1
ξ(t)
TrhA (LAρˆ(t)) =
TrhA (σ−ρˆ(t))√∫ +∞
t
|ξ(s)|2ds
, (67)
ρˆ+S (t) =
1
ξ(t)
TrhA (LAρˆ(t)) =
TrhA (σ+ρˆ(t))√∫ +∞
t
|ξ(s)|2ds
, (68)
ρˆ∓S (t) =
1
|ξ(t)|2 TrhA
(
LAρˆ(t)L
†
A
)
=
TrhA (σ−ρˆ(t)σ+)∫ +∞
t
|ξ(s)|2ds (69)
satisfy the set of the coupled stochastic equations
dρˆ−S (t) = Lρˆ−S (t)dt+
[
L, ρˆ∓S (t)S
†
]
ξ∗(t)dt
+
{
1
kt
(
Lρˆ−S (t)L
† + Lρˆ∓S (t)S
†ξ∗(t)
)
− ρˆ−S (t)
}
dN(t),(70)
dρˆ+S (t) = Lρˆ+S (t)dt+
[
Sρˆ∓S (t), L
†
]
ξ(t)dt
+
{
1
kt
(
Lρˆ+S (t)L
† + Sρˆ∓S (t)L
†ξ(t)
)
− ρˆ+S (t)
}
dN(t),(71)
dρˆ∓S (t) = Lρˆ∓S (t)dt+
(
1
kt
Lρˆ∓S (t)L
† − ρˆ∓S (t)
)
dN(t), (72)
with the initial condition ρˆ−S (0) = γ01ρ(0), ρˆ
+
S (0) = γ10ρ(0), ρˆ
∓
S (0) =
γ11ρ(0), and ρˆS(0) = ρ(0). One can check easily that the intensity kt is
equal to
kt = TrhS
[
L†LρˆS(t) + L
†Sρˆ−S (t)ξ(t) + S
†Lρˆ+S (t)ξ
∗(t) + |ξ(t)|2ρˆ∓S (t)
]
. (73)
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Eq. (60) implies that the probability of having no counts in the time
interval from 0 to t can be expressed as P t0(0) = TrhS ρˆS(t) with ρˆS(t)
which can be obtained by solving the system of differential equations
˙ˆρS(t) = −i[HS , ρˆS(t)]−
1
2
L†LρˆS(t)− 1
2
ρˆS(t)L
†L
−L†Sρˆ−S (t)ξ(t)− ρˆ+S (t)S†Lξ∗(t)− ρˆ∓S (t)|ξ(t)|2, (74)
˙ˆρ−S (t) = −i[HS , ρˆ−S (t)]−
1
2
L†Lρˆ−S (t)−
1
2
ρˆ−S (t)L
†L
−ρˆ∓S (t)S†Lξ∗(t), (75)
˙ˆρ+S (t) = −i[HS , ρˆ+S (t)]−
1
2
L†Lρˆ+S (t)−
1
2
ρˆ+S (t)L
†L
−L†Sρˆ∓S (t)ξ(t), (76)
˙ˆρ∓S (t) = −i[HS , ρˆ∓S (t)]−
1
2
L†Lρˆ∓S (t)−
1
2
ρˆ∓S (t)L
†L (77)
with ρˆ−S (0) = γ01ρ(0), ρˆ
+
S (0) = γ10ρ(0), ρˆ
∓
S (0) = γ11ρ(0), and ρˆS(0) =
ρ(0).
We found the conditional evolution of S depending on the results of
measurement performed on the output Bose field. If these results are not
read, i.e. no selection is made, the state of the system S at time t is given
by ρS(t) which fulfils Eq. (48). We can obtain the master equation for S
by taking the stochastic mean of Eq. (66).
Note that when γ01 = γ10 = γ11 = 0 and γ00 = 1, we get ρˆ−S (t) =
ρˆ−S (t) = ρˆ
∓
S (t) = 0 and for all t and Eq. (66) reduces then to the filtering
equation for the Bose field in the vacuum state. When γ01 = γ10 = γ00 = 0
and γ11 = 1, we obtain the Bose field in a single photon state and our
filtering equation reduces to the filtering equation derived in [12, 27].
2.7 The quantum trajectories for the quadrature
measurement
The conditional evolution of the extended system for the case of the
quadrature measurement of the output field is described by the stochastic
equation
dρˆ(t) = Lρˆ(t)dt+ LAρˆ(t)dt+ [SLAρˆ(t), L†]dt+ [L, ρˆ(t)L†AS†]dt
+
(
SLAρˆ(t)L
†
AS
† − LAρˆ(t)L†A
)
dt
+
(
(L+ SLA) ρˆ(t) + ρˆ(t) (L+ SLA)
† − vtρˆ(t)
)
dW (t),(78)
where
dW (t) = dY (t)− vtdt, (79)
vt = TrhS⊗hA [(L+ L
† + SLA + L
†
AS
†)ρˆ(t)], (80)
and dY (t) = dBoutt + dB
out†
t . Here dB
out
t , dB
out†
t stand for the output
field from the cascaded system.
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Equation (78) sets the posterior state ρˆ(t) of the extended system at
time t depending on all results of the measurement optical quadrature up
to time t. Note that the posterior means 〈dY (t)〉 = vtdt, 〈dW (t)〉 = 0,
and 〈(dW (t))2〉 = dt.
Taking the partial trace over the Hilbert space of ancilla from (78)
we obtain the stochastic evolution of S. The filtering equation for the
conditional state of S, ρˆS(t) = TrhA ρˆ(t), has thus the form
dρˆS(t) = LρˆS(t)dt+ [Sρˆ−S (t), L†]ξ(t)dt+ [L, ρˆ+S (t)S†]ξ∗(t)dt
+
(
Sρˆ∓S (t)S
† − ρˆ∓S (t)
)
|ξ(t)|2dt
+
(
LρˆS(t) + ρˆS(t)L
† + Sρˆ−S (t)ξ(t)
+ρˆ+S (t)S
†ξ∗(t)− vtρˆS(t)
)
dW (t). (81)
The matrices ρˆ−S (t), ρˆ
+
S (t), ρˆ
∓
S (t) satisfy the stochastic equations
dρˆ−S (t) = Lρˆ−S (t)dt+
[
L, ρˆ∓S (t)S
†
]
ξ∗(t)dt
+
(
Lρˆ−S (t) + ρˆ
−
S (t)L
†
+ρˆ∓S (t)S
†ξ∗(t)− vtρˆ−S (t)
)
dW (t) , (82)
dρˆ+S (t) = Lρˆ+S (t)dt+
[
Sρˆ∓S (t)L
]
ξ(t)dt
+
(
Lρˆ+S (t) + ρˆ
+
S (t)L
†
+Sρˆ∓S (t)ξ(t)− vtρˆ+S (t)
)
dW (t) , (83)
dρˆ∓S (t) = Lρˆ∓S (t)dt+
(
Lρˆ∓S (t) + ρˆ
∓
S (t)L
† − vtρˆ∓S (t)
)
dW (t) , (84)
and initially ρˆ−S (0) = γ01ρ(0), ρˆ
+
S (0) = γ10ρ(0), ρˆ
∓
S (0) = γ11ρ(0), and
ρˆS(0) = ρ(0). Moreover, one can check that
vt = TrhS [(L+ L
†)ρˆS(t) + Sρˆ
−
S (t)ξ(t) + ρˆ
+
S (t)S
†ξ∗(t)]. (85)
2.8 Numerical example
As a simple numerical example we consider S being a two level atom and
we assume that L =
√
κσ−, S = I, and HS = 0 (it means that we work
in the interaction picture). We make a calculation for the case when the
Bose field is characterized by
ξ(t) =
1
N
(
Ω2
2pi
)1/4
exp
[
−Ω
2
4
(t− 3)2
]
, (86)
where
N =
(
Ω2
2pi
)1/2 ∫ +∞
0
exp
[
−Ω
2
4
(s− 3)2
]
ds. (87)
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To get an optimal excitation for the Gaussian pulse we take Ω = 1.46 [8].
The quantum filer is given then by the set of eleven coupled equations.
Using the formulae (74)-(77) we are able to plot the curve with the time
dependence of the probability of at least one count in the interval (0, t].
One can deduce from (74)-(77) the that the probability of at least one
count in the interval from 0 to +∞ is 1− 〈0|ρ(0)|0〉(1− γ11).
Figure 1: The solid line is |ξ(t)|2, the dashed line is the probability of excitation
calculated from the master equation, and the dotted line is the probability
of at least one count in the interval (0, t] calculated for the Bose field taken
in a mixture of vacuum and single photon states with γ11 = 0.8, γ00 = 0.2,
γ01 = γ10 = 0, and for S being initially in the ground state (A) and in the
upper state (B).
3 Filtering equation for system driven by
the Bose field in a mixture of coherent states
3.1 Continuous-mode coherent states
Continuous-mode coherent state is defined as
|α〉 = −→T exp
{∫ +∞
0
α(t)dB†t − α∗(t)dBt
}
|vac〉 , (88)
where
−→
T stands for the chronological ordering operator. Note that
−→
T exp
{∫ t
0
α(s)dB†s − α∗(s)dBs
}
|vac〉 = (89)
= |α[0,t)〉 ⊗ |vac[t,+∞)〉 , (90)
so that the continuous-mode coherent state has the factorization property
|α〉 = |α[0,t)〉 ⊗ |α[t,+∞)〉 . (91)
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The mean values of increments dBt, dB†t , dΛt for the coherent state
are
〈α|dBt|α〉 = α(t)dt , 〈α|dΛt|α〉 = |α(t)|2dt, (92)
〈α|dBtdB†t |α〉 = dt, 〈α|dB†t dBt|α〉 = 0, 〈α|dΛtdB†t |α〉 = α∗(t)dt.
3.2 Reduced dynamics of S
One can check that the reduced evolution of an open quantum system
interacting with the Bose field in the state
ρfield = p|α0〉〈α0|+ (1− p)|α1〉〈α1| (93)
with p ∈ [0, 1], can be written as
ρ(t) = pρ00(t) + (1− p)ρ11(t), (94)
where the matrices ρ00(t) and ρ11(t) satisfy the following set of differential
equations
ρ˙00(t) = Lρ00(t) + α0(t)
[
Sρ00(t), L†
]
+ α∗0(t)
[
L, ρ00(t)S†
]
+|α0(t)|2
(
Sρ00(t)S† − ρ00(t)
)
, (95)
ρ˙11(t) = Lρ11(t) + α1(t)
[
Sρ11(t), L†
]
+ α∗1(t)
[
L, ρ11(t)S†
]
+|α1(t)|2
(
Sρ11(t)S† − ρ11(t)
)
(96)
with the initial conditions ρ00(0) = ρ11(0) = ρ(0) and the superoperator
L given by (26).
3.3 Generator of the Bose field in a mixture of
two coherent states
Let us consider a two level system interacting with the Bose field in the
vacuum state. The unitary evolution of the ancilla and the Bose field is
given by Eq. (32), but this time we assume that the coupling operator is
defined as
LA = α0(t)|0〉〈0|+ α1(t)|1〉〈1| , (97)
where |0〉, |1〉 is the orthonormal basis of ancilla.
So that if the initial state of the compound system is
(c0|0〉+ c1|1〉)⊗ |vac〉 , (98)
then the system evolves according to the formula
|ψt〉 = c0|0〉 ⊗ |α0[0,t)〉 ⊗ |vac[t,+∞)〉
+c1|1〉 ⊗ |α1[0,t)〉 ⊗ |vac[t,+∞)〉 (99)
and in the limit we have
lim
t→+∞
|ψt〉 = c0|0〉 ⊗ |α0〉+ c1|1〉 ⊗ |α1〉 . (100)
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The state of the Bose field after interaction with ancilla till time t has the
form
ρoutfield(t) = |c0|2 |α0[0,t)〉〈α0[0,t)|+ |c1|2 |α1[0,t)〉〈α1[0,t)| . (101)
This shows that choosing the initial state of the ancilla as
ρA(0) = |c0|2|0〉〈0|+ c0c∗1|0〉〈1|+ c∗0c1|1〉〈0|+ |c1|2|1〉〈1| (102)
and the coupling operator (97), we obtain the output field in a mixture
of two coherent states.
As before, we consider a cascaded system consisting of ancilla and
some quantum system S. We obtain dynamics of S from Eq. (46) taking
(97) and assuming that initially the ancilla is prepared in state (102). It
is not difficult to check that in this case, the reduce dynamics of S is given
by
ρS(t) = ρ
00
S (t) + ρ
11
S (t) , (103)
where
ρ00S (t) = 〈0|ρ˜(t)|0〉, ρ11S (t) = 〈1|ρ˜(t)|1〉 (104)
satisfy the differential equations
ρ˙00S (t) = Lρ00S (t) + α0(t)
[
ρ00S (t), L
†
]
+ α∗0(t)
[
L, ρ00S (t)
]
+|α0(t)|2
(
Sρ00S (t)S
† − ρ00S (t)
)
, (105)
ρ˙11S (t) = LSρ11S (t) + α1(t)
[
ρ11S (t), L
†
S
]
+ α∗1(t)
[
LS , ρ
11
S (t)
]
+|α1(t)|2
(
Sρ11S (t)S
† − ρ11S (t)
)
(106)
and ρ00S (0) = |c0|2ρS(0), ρ11S (0) = |c1|2ρS(0).
It is seen that when |c0|2 = p and |c1|2 = 1 − p, the above procedure
gives the same reduced dynamics as was considered in Part 3.2.
3.4 The quantum trajectories
The conditional state of S may now be expressed by
ρˆS(t) = ρˆ
00
S (t) + ρˆ
11
S (t), (107)
where the matrices
ρˆ00S (t) = 〈0|ρˆ(t)|0〉, ρˆ11S (t) = 〈1|ρˆ(t)|1〉 (108)
and ρˆ(t) is the conditional state of the extended system satisfying (57) or
(78) (it depends on the measurement scheme) with (97) and the initial
state of ancilla given as (102). Thus initially we have ρˆ00S (0) = |c0|2ρ(0),
ρˆ11S (0) = |c1|2ρ(0).
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One finds easily that for the photon counting process, the matrices
ρˆ00S (t), ρˆ11S (t) satisfy the set of stochastic equations
dρˆ00S (t) = Lρˆ00S (t)dt+ α0(t)
[
Sρˆ11S (t), L
†
]
dt+ α∗0(t)
[
L, ρˆ00S (t)S
†
]
dt
+|α0(t)|2
(
Sρˆ00S (t)S
† − ρˆ00S (t)
)
dt
+
{
1
kt
(
Lρˆ00S (t)L
† + α∗0(t)Lρˆ
00
S (t)S
† + α0(t)Sρˆ
00
S (t)L
†
+|α0(t)|2Sρˆ00S (t)S†
)
− ρˆ00S (t)
}
dN(t), (109)
dρˆ11S (t) = Lρˆ11S (t)dt+ α1(t)
[
Sρˆ11S (t), L
†
]
dt+ α∗1(t)
[
L, ρˆ11S (t)S
†
]
dt
+|α1(t)|2
(
Sρˆ11S (t)S
† − ρˆ11S (t)
)
dt
+
{
1
kt
(
Lρˆ11S (t)L
† + α∗1(t)Lρˆ
11
S (t)S
† + α1(t)Sρˆ
11
S (t)L
†
+|α1(t)|2Sρˆ11S (t)S†
)
− ρˆ11S (t)
}
dN(t) . (110)
Here dN(t) = dΛoutt − ktdt, where dΛoutt describes the output number of
photons for the cascaded system in the interval from t to t+ dt with the
posterior mean value 〈dΛoutt 〉 = ktdt, where
kt = TrhS
(
L†LρˆS(t) + L
†S(α0(t)ρˆ
00
S (t) + α1(t)ρˆ
11
S (t))
+S†L(α∗0(t)ρˆ
00
S (t) + α
∗
1(t)ρˆ
11
S (t))
+|α0(t)|2ρˆ00S (t) + |α1(t)|2ρˆ11S (t)
)
. (111)
The probability of having at least one count in the interval 0 to t is
given in this case by P t0(0) = TrhS
(
ρˆ00S (t) + ρˆ
00
S (t)
)
, where
˙ˆρ00S (t) = −i[HS , ρˆ00S (t)]− 1
2
L†Lρˆ00S (t)− 1
2
ρˆ00S (t)L
†L
−L†Sρˆ00S (t)α0(t)− ρˆ00S (t)S†Lα∗0(t)
−ρˆ00S (t)|α0(t)|2 , (112)
˙ˆρ11S (t) = −i[HS , ρˆ11S (t)]− 1
2
L†Lρˆ11S (t)− 1
2
ρˆ11S (t)L
†L
−L†Sρˆ11S (t)α1(t)
−ρˆ11S (t)S†Lα∗1(t)− ρˆ11S (t)|α1(t)|2, (113)
and ρˆ00S (0) = |c0|2ρ(0), ρˆ11S (0) = |c1|2ρ(0).
One can check that for the evolution of S conditioned on the results
of the measurement of the optical quadrature, the matrices ρˆ00S (t), ρˆ11S (t)
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satisfy the set of stochastic equations
dρˆ00S (t) = Lρˆ00S (t)dt+ α0(t)
[
Sρˆ11S (t), L
†
]
dt+ α∗0(t)
[
L, ρˆ00S (t)S
†
]
dt
+|α0(t)|2
(
Sρˆ00S (t)S
† − ρˆ00S (t)
)
dt
+
{
Lρˆ00S (t) + ρˆ
00
S (t)L
† + α0(t)Sρˆ
00
S (t)
+α∗0(t)ρˆ
00
S (t)S
† − vtρˆ00S (t)
}
dW (t), (114)
dρˆ11S (t) = Lρˆ11S (t)dt+ α1(t)
[
Sρˆ11S (t), L
†
]
dt+ α∗1(t)
[
L, ρˆ11S (t)S
†
]
dt
+|α1(t)|2
(
Sρˆ11S (t)S
† − ρˆ11S (t)
)
dt
+
{
Lρˆ11S (t) + ρˆ
11
S (t)L
† + α1(t)Sρˆ
11
S (t)
+α∗1(t)ρˆ
11
S (t)S
† − vtρˆ11S (t)
}
dW (t) (115)
with the initial conditions ρˆ00S (0) = |c0|2ρS(0), ρˆ11S (0) = |c1|2ρS(0) and
the posterior intensity
vt = TrhS
(
(L+ L†)ρˆ(t)
)
+ TrhS
(
S(α0(t)ρˆ
00
S (t) + α1(t)ρˆ
11
S (t))
)
+TrhS
(
S†(α∗0(t)ρˆ
00
S (t) + α
∗
1(t)ρˆ
11
S (t))
)
. (116)
Here dW = dY − vtdt and 〈dY 〉 = vtdt.
3.5 Numerical Example
Let us consider the coherent Gaussian pulses
α0(t) =
(
2Ω2
pi
)1/4
exp
[
−Ω
2
4
(t− 3)2
]
, (117)
α1(t) =
(
2Ω2
pi
)1/4
exp
[
−Ω
2
4
(t− 5)2
]
. (118)
with the parameters Ω = 2.4κ and κ = 1. We consider S being a two
level atom and we take L =
√
κσ−, S = I, and HS = 0. In Fig. 2 the
probability of being in the excited state as well as the probability of at
least one count in the interval (0, t] are shown for two choices of initial
conditions. One can check that in the limit we have
lim
t→+∞
P t0(0) = 〈0|ρ(0)|0〉
[
pe−
∫+∞
0 |α0(t)|2dt + (1− p)e−
∫+∞
0 |α1(t)|2dt
]
.(119)
4 Conclusions
We have derived the filtering equations for the two types of non-classical
states of the Bose field, namely for a combination of the vacuum and single
photon states and for a mixture of two coherent states. To determine
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Figure 2: The solid lines are |α1(t)|2/2 and |α2(t)|2/2, the dashed line is the
probability of excitation from the master equation, and the dotted line is the
probability of at least one count in the interval (0, t] for the Bose field taken in
a mixture of two coherent states with p = 0.5 and for S being initially in the
ground state (A) and in the upper state (B).
the stochastic conditional evolution of an open quantum system we have
extended the Hilbert space of this system by ancilla system playing a role
of a generator of the Bose field in the desired non-classical state. We
have considered the counting as well as the diffusion processes connected
respectively with the measurements of the number of photons and the
optical quadrature of the output field. For the Bose field taken in a single
photon state one can check easily that our filtering equations agree with
the filtering equations derived in [27], but for the Bose field taken in
a combination of the vacuum and single photon states the proof of the
equivalence of the both results requires more effort. At first glance they
seem to be inconsistent. Unlike us, the authors of the mentioned paper
derived the stochastic evolution for a combination of the vacuum and
single photon states assuming that the two-level ancilla system is initially
prepared not in a combination of the ground and excited states but in
the excited state and to determine the conditional state of S they used
the method of “weighting and normalisation” [36]. Consequences of the
different choices of the initial state of ancilla are different intensities of
the output processes determining the filters. To use in a proper way the
stochastic equations from [27], one has to reevaluate the posterior measure
for the output processes. In order to prove that our results are consistent
with the results presented in [27] one has to derived, using the standard
method of stochastic calculus, the stochastic equations for the matrix
ρ(t) =
∑
jk γkjρ
jk(t)/
∑
jk γkjTr{ρjk(t)} from [27]. They agree with Eq.
(66) and Eq. (81) (depending on the chosen type of measurement). Of
course, our calculations for a mixture of two coherent states can be easily
generalised to the case of a mixture of any number of coherent states. Our
studies are consistent with the filter given in [27], but our procedure can
not be used for the Bose field in a superposition of coherent states because
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the ancilla we considered is not a source of such signal. A proposal of a
generator of a superposition of coherent states as well as a description of
ancilla generating the Bose field in a multi-photon state one can find in
[30]. They can be applied for derivation of the filtering equations for these
two non-classical states.
Finally, we would like to mention that there exists more direct, based
on the collision model [31, 32, 33], method for determination of the fil-
tering equations for the quantum noise in non-classical state which does
not refer to the concept of ancilla generator. The method was already
successfully applied for a single photon state [34] and for a superposition
of the coherent states [35].
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